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ABSTRACT 
Let F be a finite field. For each 1 2 k 5 n we construct a 2n - k-dimensional 
linear space H(n, k) of n x n Hankel matrices over F such that rank A 2 k for 
all 0 # A E H(n, k). It follows that if W is a linear space of Hankel matrices 
over F such that rank A 5 k for all A E W, then dim W 5 k. 
1. SPACES OF HANKEL MATRICES OVER FINITE FIELDS 
Let M,(F) denote the linear space of n x n matrices over a field F, 
and let C,(F) = {(aij)rjlo : aij = C&l if i + j = k + 1) denote its 2n - l- 
dimensional subspace consisting of Hankel matrices. A subspace W c 
M,(F) is a &pace (h-space) if rank A 5 k (rank A 2 k) for all 0 # A E W. 
Let fF(n, k) denote the maximal dimension of a k-space W c C,(F). 
For 1 5 k 5 n let 
U(n, k) = { (aij)Tiio E C,(F) : a,j = 0 if i + j 2 k}. 
U(n, k - 1) is a k - l-dimensional k - l-space. Therefore, if W c C,(F) is 
a &space, then W n U(n, k - 1) = (0) and so 
dimW 5 dim&(F) - dimU(n, k - 1) = 2n - k. 
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On the other hand 
V(n, k) = {(a,)~~_to E G(F) : aij = Cl 
ifi+j<k-2ori+j22n--k} 
is a 2(n - k) + l-dimensional h-space; therefore 
2(n - k) + 1 5 f~(n, k) 5 2n - k. 
THEOREM 1. Let 1 5 k 5 n. Then: 
(1) fF(n,k)=2(n-k)+l ifF zs an algebraically closed field. 
(2) fF(n, k) = 2n - k if F is a finite field. 
Proof. (1): If F is algebraically closed then Rl = {A E 
C,,(F): rank A 5 1) is a 21-dimensional affine subvariety of Cn(F) (see 
Proposition 4.3 in [2]). If W c C,(F) is a &space, then Rk _ 1 rl W = (0) 
and so 
dim W 5 dim &(F) - dim &- i = 2(n - k) + 1. 
(2): Let F = GF(q) be the finite field with q elements, and let K = 
GF(q2n - k ). K will also be regarded as a 2n - k-dimensional linear, space 
over F. Denote the trace of p E K by TTK/F(P) = Cz, k-1@. Fix 
an element o E K of degree 2n - k over F, and define an F-linear map 
cp : K + Cn(F) by ~p(0)~j = Tr~,~(Bcu~+j) for 0 I i, j I n - 1. 
CLAIM. If 0 # 0 E K then rank p(8) 2 k. 
Proof. Fix 0 # 0 E K, and for 0 5 i 5 n - 1 let & be the F-linear 
functionals on K defined by tii(p) = TrK,F(B&p). Since {f30i}yz,i are lin- 
early independent over F, it follows that {I,&};:~ are linearly independent 
over F. Now for any (Xe, . . . , A, _ 1) E F”, 
n-1 
( ) 
n-l n-1 
$i C Xjd = C Xj$i(d) = C Xjcp(e)ijs 
j=O j=O j=O 
Combined with the linear independence of {&}~~,‘, this implies that 
dimkercp(B)I dirn(~~~ ker&) =(2n-k)-n=n-k. 
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Therefore rank(p(8) > k. This proves the claim, and it follows that p(K) 
is a 2n - k dimensional b-space of C,(F). ??
COROLLARY 2. Let F be a finite field. If W c C,(F) is a x-space, then 
dim W 5 dim&(F) - fF(n, k + 1) = (2n - 1) - [2n - (k + l)] = k. 
Let S,(F) denote the space of symmetric n x n matrices over F. 
COROLLARY 3. Let F be a finite field. If W c S,(F) is an n-l- 
space, then 
dimW 5 dim&(F) - fF(n,n) = (nll) -n= (y). 
REMARK. Corollary 2 was proved by Brualdi and Chavey [l] for any 
field F with at least k + 1 elements. Corollary 3 was proved in [5] for any F 
with at least n+l elements. Thus both corollaries hold over arbitrary fields. 
2. K-SPACES OF MATRICES OVER FINITE FIELDS 
Let gF(n, k) denote the maximal dimension of a k-space W c 44, (F). 
For 0 5 iE 2 n, let 
Y(n,k) = {A = (aij)rjzl E M,(F):aij = 0 whenever k + 1 < i 5 n}. 
Y(n, k - 1) is a k - l-space. Therefore if 
W n Y(n, k - 1) = (0). It follows that 
W c M,(F) is a k-space, then 
gF(n, k) 5 dim&f,(F) - dimY(n, k - 1) = n(n - k f 1). 
Here we give a simple proof of the following result of R. Roth [6]. 
THEOREM 4 (R. Roth). If F is a finite field, then gF(n, k) = n(n- k+ 
1) for 1 5 k < n. 
Proof. Let F = GF(q), K = GF(qn). Any endomorphism f of K 
over F can be expressed as a polynomial f(z) = ClIi ag& for some 
ah..., a, _ 1 E K. [These are clearly endomorphisms, and their number is 
4 n2 = ]EndF(K)].] 
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Let 1 2 k 5 n, and consider the linear subspace. 
n-k 
lV(n, k) = f(x) = c aizqi : a~,. . ,un_k E K C EndF(K). 
i=o 
We have ]kV(n, Ic)] = ]K]“- Ic + 1 = qncn - k f ‘1 and therefore 
dimF IV(n, Ic) = n(n - k + 1) 
We show that IV(n, Ic) is a k-space: If 0 $ f(x) = cyc,” a&i E lV(n, Ic) 
then 
]kerf] = ]{a E K:f(a) = O}I I degf 1. qnPk. 
Hence dim ker f < n - Ic and so rank f > k. ??
COROLLARY 4. Let F be a finite field. If W c M,(F) is a x-space, 
then 
dim W 5 dimM,(F) - dim W(n, k + 1) = kn. 
REMARKS. 
(1) Corollary 4 was proved by Flanders [3] for any field with at least 
k + 1 elements, and in [4] with no restrictions on the field. 
(2) If F is algebraically closed, then gF(n, k) = (n - k + 1)2. The lower 
bound follows from a construction of Roth [6], while the upper bound is a 
consequence of the fact that {A E M,(F) : rank A 5 k - 1) is an irreducible 
affine subvariety of M,(F) of codimension (n - k + 1)2. 
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